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Knudsen forces on microcantilevers
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When two surfaces at two different temperatures are separated by a distance comparable to a
mean-free path of the molecules of the ambient medium, the surfaces experience Knudsen force.
This mechanical force can be important in microelectromechanical systems and in atomic force
microscopy. A theoretical discussion of the magnitude of the forces and the conditions where they
can be encountered is discussed. A potential application of the Knudsen force in designing a
cantilever-based vacuum gauge is discussed. ©2002 American Institute of Physics.
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I. INTRODUCTION

Knudsen forces are mechanical forces that exist betw
two surfaces at two different temperatures separated b
distance of one or a fraction of a mean-free path of the m
ecules of the medium. Though Knudsen forces are extrem
small in most cases involving microcantilevers, there ex
situations where these forces can be large.

Microcantilevers are routinely used in atomic force m
croscopy~AFM!. In AFM, microcantilevers are brought i
close proximity to a surface to be imaged. The distance
tween the cantilever and the sample surface is equal to
probing tip at the free end of the cantilever. This separatio
many microns in most cases: Much higher than the me
free path of the molecules in air at normal pressure. Ho
ever, AFM can also be used in a vacuum where the me
free path is larger than the distance of separation between
cantilever and the sample surfaces. In most cases, there
ists a temperature difference between the cantilever and
surface. This temperature difference can originate from m
different sources. For example, a piezoresistive cantileve
always at a higher temperature due to resistive heating o
cantilever. Even in the commonly used optical beam defl
tion technique, the cantilever is at a higher temperature
to laser heating of the surface. If the cantilever and
sample surfaces have different optical absorption, that
lead to a temperature difference between the cantilever
the sample surface. Thus, the two necessary conditions
quired for Knudsen forces namely temperature differe
and separation distances comparable to mean-free
length of the molecules in the immersed medium are of
encountered in many cases.

There are several scenarios where Knudsen forces p
role in microelectromechanical systems structures, for
ample, sensors based on microcantilevers. Recently, m
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physical, chemical, and biological sensors are demonstr
using microcantilevers. Though Knudsen forces will be sm
in most cases involving microcantilever sensors, there exi
few cases where Knudsen forces can be large. For exam
when the capacitive detection method is used to monitor
crocantilever motion in low-pressure conditions. One e
ample will be detecting infrared radiation using bimater
microcantilevers using capacitive monitoring of cantilev
motion. To improve the thermal sensitivity of the system,
can be evacuated to low pressures to decrease the loss o
energy from the cantilever. Knudsen forces can be impor
in low-pressure vacuum AFM where the sample is heated
this case, there exists a Knudsen force between cantil
and the sample. Another example will be a piezoresist
cantilever imaging an object at room temperature in
vacuum.

II. BACKGROUND THEORY

One of the ways through which a gas in a vacuum s
tem can possess nonuniform density and pressure is the
istence of temperature gradients in the gas or on the con
ing surfaces of the vessel.1,2 In order to study the effect o
such thermally induced nonuniformities, we consider
closed system containing a gas of a certain low pressur
equilibrium. The phenomenon of thermal transpiration3–5

takes place in such a system if we, through some mechan
maintain two different temperaturesT1 andT2 in two differ-
ent interior regions of the system, and if, as a result of t
difference, a gas transport or a flow region is established
that a pressure variation fromP1 to P2 is developed there
Knudsen6 showed that the following relation holds under th
steady-state conditions of the gas at low pressures, tha
when the thermally induced flow and the pressure flow are
balance

P1

P2
5AT1

T2
. ~1!il:
6 © 2002 American Institute of Physics
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Experimental and theoretical work have indicated deviati
from this relation2,7,8 and much work has been conducted
improve the accuracy of Eq.~1!. Two geometries are of par
ticular importance; cylindrical and planar.

Thermal transpiration systems composed of two conc
tric cylinders where a temperature gradient along or betw
the cylindrical surfaces gives rise to a pressure grad
which in turn results in transverse and longitudinal for
densities in the flow field have been studied in conjunct
with precise microbalance experiments.9–12 Liang13–16

worked an empirical equation for the pressure ratio in Eq.~1!
based partially on experimental observations. Takaishi
Sensui17 similarly gave an improved version of Liang’s equ
tion. Recently, these results were used to study the the
transpiration in helium and nitrogen across an individual18 or
an array of silica capillaries.19 Some related experimental,20

theoretical@Bhatnagar-Gross-Krook~BGK! model#,21–26and
numerical @one-dimensional and two-dimensional dire
simulation Monte Carlo~DSMC!#23,27–30work can be men-
tioned in this regard. The Knudsen forces arising in su
cases display a peak as a function of the Knudsen numb12

The Knudsen number at temperatureT and pressureP for a
medium with viscosityh composed of molecules of mas
Mm and mean-free-pathl can be defined for structures wit
a characteristic dimensiond via3

Kn5
l

d
5

h

Pd
ApR0T

2Mm
, ~2!

where the universal gas constantR0 is related to the Boltz-
mann constant and the Avogadro’s number byR05kNA . Us-
ing this definition, the force is small in the low~near-
continuum limit! and high ~free molecular limit! Knudsen
number regions, and exhibits a maximum in the transit
region, i.e., the pressure region where both molecu
molecule and molecule–surface collisions are important
transport process.

In the planar thermal transpiration systems, typically
flow field is set up around and near the surface of a single
structure or between several planar structures as a resu
the generation of a temperature gradient and its accompa
pressure gradient, for example, in conjunction with therm
phoresis and radiometer effects.5 The former is the the mo
tion of a small particle in a region of the gas where a te
perature gradient exists; for example, a flat or spher
particle inside a tube that has a varying temperature alon
surface.31 Similarly, the latter is the phenomenon responsi
for the rotation of the vane of a Crookes radiometer up
exposure of the vane to light and thus generation of a t
perature gradient in the direction from the exposed side
the vane to the unexposed side.32,33 This type of energy
transport between surfaces at different temperatures lea
the molecular radiometer force which is the basis of
Knudsen gauge, which is an absolute pressure gauge,34–36

and the Knudsen compressor.37 In an attempt to theoretically
study such effects, the extent to which energy transfer ta
place when a gas molecule strikes a surface is expresse
terms of the accommodation coefficient introduced
Knudsen.6,5
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In the low Knudsen number regimes, the aforemention
flow fields are associated with a creeping motion of the
~thermal creep or thermal slip! in a thin layer adjacent to the
surface.20,3Thus, the molecules moving with a creep veloc
transfer momentum in the flow field as a result of the pr
ence of a temperature gradient. In this work, we will co
sider, in the high Knudsen number regime, the general fo
of the force between a microcantilever modeled as a pla
object in close proximity to a sample/substrate also mode
as a flat surface. The cantilever is free to deflect under
Knudsen force but otherwise assumed to be stationary, th
any thermal undulations in the microcantilever are assum
to be negligible. The sample/substrate is assumed to be
idly fixed. Furthermore, the degree of participation of t
cantilever and substrate in heat conduction will be expres
in terms of two accommodation coefficients for the top a
bottom surfaces of the cantilever, respectively, and a third
the substrate surface. There are currently sensing and im
ing applications that require one side of the cantilever
coated, and thus the assumption of two different accomm
dation coefficients for the two sides of the cantilever is ju
tified.

We now more specifically consider a simple vacuu
system composed of a vessel and a pump as shown in Fi
The pump is turned on att5t0 and operates continuously fo
t.t0 until the desired mean-free-pathl is achieved. The
initial ( t<t0) pressure, temperature, and mean-free path
the confined gas areP(t0)5P0 , T(t0)5T0 , andl(t0)5l0

where P0 and T0 are the atmospheric pressure and roo
temperature, respectively. Fort.t0 , these quantities are de
noted byP(t)5Pr , T(t)5Tr , andl(t)5l r . The vessel is
in thermal and mechanical equilibrium with the surroundi
environment, that is the temperature on the vessel surfac
uniform and equalsT0 and remains constant at all timet. At
t5t0 , the number of molecules per unit volume of the gan
is of such high magnitudes that molecule–molecule, as
posed to molecule–surface, encounters dominate the kin
properties of the gas. For example, for air at room tempe
tureT0520 °C (5293.15 K) with pressureP, and character-

FIG. 1. Thermal transpiration system. The molecules of the confined
moving in random directions collide predominantly with the surfaces of
vessel and the internal structures.
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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istic length d expressed in units ofmbar andmm, respec-
tively, the Knudsen number Eq.~2! can be evaluated by3

Kn5
6.63104

Pd
, ~3!

which for d51 mm ~a typical working distance in AFM
studies! and for atmospheric pressureP051 atm
51013.25 mbar yields Kn50.065 corresponding tol0

565.1 nm. Under these conditions, the gas can be con
ered as a fluid. When the pumping starts att5t0 , an anisot-
ropy in the velocity distribution of the gas molecules with
subsequent creation of various flow regimes are establis
As the pumping progresses, the number density of the
decreases due to the continuous removal of the molecule
the pump and thus the mean-free path increases reducin
dominance of the intermolecular collisions over t
molecule–surface collisions. For fixed vessel dimensions,
thus enter a pressure regime where the frequency
molecule–surface collisions is of the same or higher orde
magnitude as that of the intermolecular collisions.

For example, for a typical pressure ofPr520mbar
achieved by a mechanical pump, and a separation distan
d540mm, Eq.~2! gives Kn582.5, that is the free molecula
regime. This corresponds to a mean-free path ofl r

53300mm@d appropriate for a Knudsen gas.
At such high Knudsen number regime, the pump

turned off whereafter the velocity distribution of the mo
ecules will reach an isotropic steady state. No sources
sinks of gas are present at this stage. The microscopic p
erties of the resulting stationary gas can now be describe
the Maxwell–Boltzmann distribution function which is th
solution of the Boltzmann equation in the absence of in
molecular collisions. No temperature or pressure gradie
exist in the system under these conditions. Denoting the
lecular velocities byc and coordinates byx for a gas under
the influence of the external forceF the general form of
Boltzmann equation is23

] f ~x, c, t !

]t
1c•¹c f ~x, c, t !1F•¹x f ~x, c, t !5Q~ f , f !,

~4!

whereQ( f , f ) is the collision term and expresses the var
tion of f due to intermolecular collisions. Under certain a
sumptions regarding the functionQ, it can be shown23 that a
Maxwellian distribution is the solution ofQ50 for a uni-
form steady state. Neglecting the influence of external for
on the confined gas such as gravity, for a local Maxwell
distribution, i.e., the solution to

Q~ f , f !5
] f ~x, c, t !

]t
1c•¹c f ~x, c, t !50, ~5!

f can be expressed at locationx5(x, y, z) and at the solid
angledV5sinududw ~see Fig. 2! as

f V~x, c!5S 1

2pRTV
D

3
2

expS 2
c2

2RTV
D , ~6!

whereR is the gas constant, andTV is the temperature of the
molecules in the direction specified by the solid angledV in
Downloaded 18 Nov 2006 to 133.28.47.30. Redistribution subject to AIP
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the velocity phase spaceVc at x .23 Wu8 showed by compar-
ing this solution Eq.~6! with another formal solution of Eq
~5! using a surface collision density function as the init
condition in a diffuse reflection boundary condition that t
product of the square root of the directional temperatureTV ,
and the number density atdV denoted bynV is a constantK
throughout a gas described byf, that is K5nVATV is an
invariant.

Returning to our discussion, if we now introduce a co
vex object, such as a microcantilever into the vacuum sys
described by Eq.~6!, and assume that it is in thermal equ
librium with the Knudsen gas there, then the molecules c
liding with the surface of the cantilever will transfer mome
tum to it in such a way that the net momentum of t
microcantilever is zero. If we now increase the temperat
of the cantilever toTc.Tr by some external means such
Joule heating or optically via irradiance by a laser beam,
local equilibrium is perturbed and a flow field is set up in t
neighborhood of the cantilever. The velocity distribution
the molecules in this region will no longer be a Maxwellia
due to the loss of the isotropicity. As mentioned in the Sec
the vacuum system is now called a thermal transpiration s
tem and the kinetic energy transfer~thermal conduction! be-
tween the cantilever and the gas can be studied in term
the ability of the surface material of the cantilever to alter t
energy of an incident molecule upon a molecule–surface
counter. This can be formulated in terms of the coefficient
accommodationa which can be written for energy, tempera
ture, or momentum and can have normal or tangential co
ponents. For example, whena51, the incident molecule is
reflected diffusely after complete accommodation to the s
face temperature, whereas in the casea50, the reflection is
completely specular, and the temperature of the reflec
molecule equals that of the incident. Obviously, in the a
sence of any directional preferences for the molecules
tributed far from the cantilever, the net momentum tran
ferred to the cantilever will again be zero if th
accommodation coefficient is equal on both sides of the c
tilever. These considerations are evident from Knudsen’s
diometric pressure difference derived for a vane in a f
molecular~collision-free! regime6 which with our notations
is given by

DP5
Pr

2
@A11acbt2A11actt#, ~7!

wheret is the relative temperature, i.e.,t5Tc /Tr21. Knud-
sen showed by balancing the flow of molecules in a tube
zero that the quantityPT21/2 is a thermal transpiration in

FIG. 2. The solid angle at the locationx.
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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variant from which Eq.~1! is easily derived. However, Wu8

showed that the departure from an isotropic distributio
modifies this invariance, and introduced a functionI (x) as a
measure of this departure. Thus, the new invariance fo
Knudsen gas confined in a volumeV was shown to be given
by8

K5nVATV5n~x!AT~x!I ~x!5
gP~x!I ~x!

AT~x!
,

for all xPV, ~8!

where g is a gas specific constant. Here, following Wu
results,8 we will utilize this new invariance to derive a gen
eral expression for the force per unit area of the microca
lever. This can be accomplished by using Eq.~8! to calculate
the pressure around the cantilever. We thus need to calc
the functionsT(x) and I (x) in Eq. ~8!. We first note that
since the molecules of massm in the residual gas of densit
r move randomly and, therefore, the average of the squar
the velocity ^c2&53^cz

2& we get the scalar pressureP
5 1

3r^c2&, and from 1
2m^c2&5 3

2kT and k5mR we get P
5rRT. Then using the distribution function Eq.~6! and the
invariance ~8! the temperature at a pointx in the gasT
5 1/3R^c2& can be calculated by averaging the contrib
tions to c2 from all directions at the solid angledV in the
differential volume of the velocity phase spacedVc

3RT~x!5
***Vc

c2nV f V~x, c!dVc

***Vc
nV f V~x, c!dVc

, ~9!

where dVc5c2dcdV with dV5sinududw at c
5c(sinu sinw, sinu cosw, cosu) in the spherical coordi-
nates. The denominator in Eq.~9! is the number of the mol-
ecules per unit volume atx

n~x!5E E E
Vc

nV f V~x, c!dVc , ~10!

whereas the total number of molecules in the volumeV
5***Vx

dVx of the system is

n5E E E
Vx

n~x! dVx , ~11!

where dVx5dxdydz is a differential volume at x
5(x, y, z) in Cartesian coordinates. Therefore,

E E E
Vc

nV f V~x, c!dVc5KE E E
Vc

f V~x, c!

ATV

dVc ,

~12!

or using Eqs.~10! and ~6!

n~x!

5KS 1

2pRD
3
2E E

V

TV
22F E

0

`

c2 expS 2
c2

2RTV
D dcGdV
Downloaded 18 Nov 2006 to 133.28.47.30. Redistribution subject to AIP
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4pE E
V

1

ATV

dV. ~13!

Similarly, the numerator of Eq.~9! can be written as

KE E E
Vc

c2f V~x, c!

ATV

dVc , ~14!

which using the integrals~A1! and~A2! in the appendix can
be written as

KS 1

2pRD
3
2E E

V

TV
22F E

0

`

c4 expS 2
c2

2RTV
DdcGdV

5
3KR

4p E E
V

ATVdV, ~15!

and thusT(x) in Eq. ~9! is given by

T~x!5

E E
V

TV
1/2dV

E E
V

TV
21/2dV

. ~16!

Having the expression for the temperature at pointx the
function I (x) can be calculated from Eq.~8!

n~x!AT~x!5
K

I ~x!
5

K

4pE E
V

dV

AT~x!

3F E E
V

TV
1/2dV

E E
V

TV
21/2dVG

1
2

, ~17!

which simplifies to

I ~x!54pF E E
V

TV
21/2dV3E E

V

TV
1/2dVG2

1
2
. ~18!

III. KNUDSEN FORCE

We now proceed to calculate the force exerted by the
on the cantilever and the resulting static deflection. Referr
to Fig. 3, and utilizing Eq.~8! we write for the regionsx1 far
away from the cantilever,x2 between the cantilever and th
substrate, andx3 immediately above the cantilever

P~x1!I ~x1!

AT~x1!
5

P~x2!I ~x2!

AT~x2!
5

P~x3!I ~x3!

AT~x3!
. ~19!
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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Now, the pressure at points just below and and just above
cantilever can be calculated from this invariance in terms
the pressure, temperature, and isotropicity at an arbit
point x1 in the system resulting in

P~x2!5
I ~x1!

I ~x2!
AT~x2!

T~x1!
P~x1!,

P~x3!5
I ~x1!

I ~x3!
AT~x3!

T~x1!
P~x1!. ~20!

The total force on the cantilever can then be calculated fr

F5 R P dS

5@P~x2!eb1P~x3!et#DS, ~21!

whereeb , andet are unit vectors normal to the bottom an
top parts of the cantilever as in Fig. 3.

In order to evaluate the quantities in Eq.~20! as given by
Eqs. ~16! and ~18!, the following energy transfer conside
ation introduced by Knudsen is utilized. From a balancing
energy fluxes in a diffuse scattering between two para
plates, Knudsen calculated the heat conduction of the pl
with different accommodation coefficients by introducin
two opposite moving streams of molecules.6,5 Introducing
two noninteracting streamsTs8 andTcb8 as shown in Fig. 3 in
the region between the cantilever and the substrate to re
sent the temperatures of the molecules emerging from
substrate and the bottom surface of the cantilever with
respective accommodation coefficientas andacb we get

Ts85
asTs1acb~12as!Tc

as1acb2asacb
,

Tcb8 5
acbTc1as~12acb!Ts

as1acb2asacb
. ~22!

Similarly, noting that in the region above the cantilever t
oncoming stream has the same temperature as that o
residual gasTr as shown in Fig. 3, we have

Tct8 5actTc1~12act!Tr . ~23!

FIG. 3. The flow system composed of the microcantilever and the sam
substrate planes held at temperaturesTc andTs , respectively, and separate
by a distanced smaller than the mean-free-pathl of the moleculesm. The
vectorsxi represent the isotropic regioni 51 away from the temperature
gradient, the region between the planesi 52, and the region immediately
above the cantileveri 53.
Downloaded 18 Nov 2006 to 133.28.47.30. Redistribution subject to AIP
he
f

ry

m

f
l

es

re-
e
e

the

For the two opposite moving streams represented by t
peraturesTs8 andTcb8 in the region between the cantilever an
the substrate at pointx2 , the temperatureT(x2), and the
isotropicity I (x2) can also be calculated from Eqs.~16! and
~18!, respectively, by considering that

E E
V

TV
1/2dV5E

0

2p

Tw
1/2E

0

p

sinududw

52E
0

2p

Tw
1/2dw

52S E
0

p

Tw
1/2dw1E

p

2p

Tw
1/2dw D ~24!

52SATs8E
0

p

dw1ATbc8 E
p

2p

dw D
52p~ATs81ATbc8 !,

and similarly

E E
V

TV
21/2dV52pS 1

ATs8
1

1

ATbc8
D , ~25!

and thus Eqs.~16! and ~18! are given by

T~x2!5ATs8Tcb8 ,

I ~x2!5
2~Ts8Tcb8 !1/4

ATs81ATcb8
. ~26!

As mentioned, in the region above the cantilever atx5x3 ,
the oncoming stream~from the upper half space! originates
from the isotropic region with a temperatureTr and thus an
integration similar to Eq.~24! results in

T~x3!5ATrTct8 ,

I ~x3!5
2~TrTct8 !1/4

ATr1ATct8
. ~27!

Finally, in the region far away from the cantilever and t
substrate atx5x1 , the streams in the upper and lower ha
spaces have the same temperature which results in

T~x1!5ATrTr5Tr ,

I ~x1!5
2~TrTr !

1/4

ATr1ATr

51. ~28!

Thus, using Eq.~20! in Eq. ~21! along with Eq.~28!, the
force per unit area from Eq.~21! is given by

F5PrF 1

I ~x2!
AT~x2!

Tr
2

1

I ~x3!
AT~x3!

Tr
G , ~29!

or using Eqs.~26! and ~27! and simplifying

F5
Pr

2 FATs8

Tr
1ATcb8

Tr
1ATct8

Tr
21G . ~30!

le/
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Therefore, using Eqs.~22! and~23! in Eq. ~30! the force per
unit area for known accommodation coefficientsai of the
two sides of the cantilever and the surface of the subst
can be written as

F~Ts, Tc, T0, Pr !5g~Ts, Tc, Tr !Pr , ~31!

where the dimensionless functiong is given by

g~Ts, Tc, Tr !5

1

2 FAasts1acb~12as!tc

as1acb2asacb
1Aacbtc1as~12acb!ts

as1acb2asacb

1A12act1acttc21G , ~32!

where ts5Ts /Tr and tc5Tc /Tr . Thus, for fixed (ai , Ti)
with i spanning the substrate, cantilever, and the rest gas
functiong(Ts, Tc, T0)5a is a constant, and the force varie
linearly with the pressure in the rarefied regime, that is
long asPr is such that Kn(Pr).Kn(Prm) where Prm is a
maximum pressure beyond which the effect of intermole
lar collisions will be non-negligible in the surface–gas a
gas–surface energy transport. Then with the constant g
by

a5S ]F

]Pr
D

Ts, Tc, Tr

, ~33!

any variation in (ai , Ti) only changes the slope of the lin
F(Pr)5aPr . It can be easily shown from Eq.~31! by set-
ting ts51 or tc51 in Eq. ~32! that all the limiting cases
acb5actÞas ; andas5acb5act5a with aÞ1 anda51 re-
duce correctly to the results found in Refs. 6 and 35.
particular, for the case of an isolated cantilever, the form og
can be obtained by assuming that the stream emerging
the substrate belongs to the same class of velocities as
stream moving toward the top of the cantilever~see Fig. 3!,
i.e., Ts8, Ts→Tr . It can then be seen from Eq.~22! that as

51, and from Eq.~30! that g must be given by

g~Tc, Tr !5
1

2
@A12acb1acbtc2A12act1acttc#,

~34!

which, as mentioned in Sec. II, will go to zero if eitheracb

→act or Tc→Tr .
Finally, having the force, we proceed to calculate t

deflection of the cantilever. The transverse vibrations o
cantilever exposed to an arbitrary resistive forceR(x, t), and
an arbitrary driving forceF(x, t) can be described by38

EI
]4W~x, t !

]x4
1m

]2W~x, t !

]t2
1R~x, t !5F~x, t !, ~35!

subject to the standard fixed-free beam boundary condit

W~0, t !5Wx~0, t !5Wxx~L, t !5Wxxx~L, t !50, ~36!

and the initial conditionW(x, t0)50, where the positive con
stantsE, I, and m are Young’s modulus, area moment
inertia, and the mass per unit length, respectively. Us
these definitions, it is then understood thatR(x, t), and
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F(x, t) are forces per unit length of the cantilever. Negle
ing damping for an undriven cantilever of lengthL in the
static limit, and under the influence of the uniform norm
force per unit areaF given in Eq.~31!, Eq. ~35! reduces to

EI
d4W~x!

dx4
5FQ~L2x!, ~37!

whereQ is the Heaviside function. It is noted here that f
cantilevers of arbitrary shape and no particular relation
tween length and width, one must solve the full plate eq
tion for the static deflectionW(x, y).39 However, in our case
the length of the cantilever is assumed to be much larger t
the width, as in most AFM work, and thus Eq.~37! is justi-
fied, that isW(x, y)'W(x). We now proceed by integrating
Eq. ~37! twice fromx→L and twice from 0→x and utilizing
Eqs.~36! and ~31! to yield

W~x, Ts, Tc, Tr , Pr !5
Pr

EI S 1

24
x42

L

6
x31

L2

4
x2D

3g~Ts, Tc, Tr !, ~38!

or in terms of the maximum deflectionWmax of the cantilever
for given Ts , Tc , Tr , andPr

W~x!5
Wmax

3 F S x

L D 4

24S x

L D 3

16S x

L D 2G . ~39!

IV. RESULTS AND DISCUSSIONS

The radiation effects are assumed negligible in the h
conduction process considered here. The contribution of
diation to the heat transfer between the cantilever and
sample can be estimated assuming that the emissivity« of
the cantilever material~silicon nitrite!, and sample material
is known. For the cantilever and sample in thermal equil
rium with the residual gas, the net radiation exchange is
viously zero. Therefore, assuming that the rest gas is tra
parent to radiation, increasing the cantilever temperature
Tc.Ts5Tr , results in a net exchange ofq5s l xl y(Tc

4

2Tr
4)Fcs@W m22K24# in the black-body limit, wheres is

the Stefan–Boltzmann constant, andFcs is the configuration
factor which only depends on the geometry. Modeling t
sample surface with a disk of radiusR@ l x facing the canti-
lever which is located at a distanced510.0mm above it, it
can be shown thatFcs51/@11(d/R)2#'1. Therefore, the
ratio g of the radiation delivered diffusely by the cantilev
to the sample surface to that delivered diffusely by the up
half space of the vacuum system can be shown to be of
orderg'«csAcstc

4 , where«cs , andAcs are the ratios of the
cantilever to sample emissivities and the areas, respectiv
In the black body limit«cs→1, this would correspond tog
51.231024.

We also note here that optical heating of the cantile
via a laser beam results typically in a focused illuminati
spot along the cantilever and, thus, the temperature is ra
initially in that region giving the cantilever a temperatu
gradient along its physical length. Existence of such a gra
ent could then result in slip flow for a certain region
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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Knudsen number. Here, it has been assumed that no
gradient is present and the cantilever is uniformly heated

The extension of the microcantilever–substrate assem
to Lockenvitz model34 for the vacuum gauge application o
to an array of cantilevers juxtaposed with surfaces at vari
temperatures is straightforward. Each cantilever~placed be-
tween two parallel surfaces similar to that proposed by Lo
envitz! at temperatureTi in such an arrangement would the
deflect according to an equation similar to Eq.~38!, and the
pressurePi could be extracted fromWmax

i , so that the pres-
sure of the system would beP}( iWmax

i /i. These consider-
ations are currently being investigated experimentally by
authors in order to examine the sensitivity and accuracy
such an arrangement as a potential vacuum gauge.

The results presented here are for a pressurePr

510.0mbar. In lieu of Eq.~38!, for the same temperatur
ratios tc , and ts , the results at other pressuresPr510.0
3b mbar can be achieved by multiplying the presented
sults byb subject toPr,Prm . Using Eqs.~31! and~38!, we
can estimate the Knudsen forces on commercially availa
AFM cantilevers and their subsequent deflections. In do
so, we will treat the energy accommodation coefficientsai as
parameters due to the lack of measured material data.
first note that if the fundamental vacuum frequencyv1 of the
cantilever is known, the parameters representing the ela
properties of the cantilever can be removed from Eq.~35! by
the substitution

v15S l1

L D 2S EI

m D
1
2
, ~40!

wherel151.875 is the smallest positive root of equation
1cosln coshln50. However, assuming a rectangular can
lever of dimensions,x5200mm length,,y520mm width,
and,z50.6mm thickness made of silicon with a mass de
sity of r52.33 g/cm3 and Young modulus E51.79
31011Pa, the area moment of inertia can be calculated to
I 5,y,z

3/1253.6310225m4. Incidentally, this correspond
to a mass per unit length ofm5r,z,y53.031028 and thus
a fundamental vacuum frequency Eq.~40! of v1

5133.43 kHz.
Figure 4 displays in units of Nm22, and as a function of

FIG. 4. Force per unit area foract5acb , acting on the cantilever held at
temperatureTc5330 K, while the sample and the rest gas are atTs5Tr

5300 K with Pr510.0mbar.
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the accommodation coefficientsacb , and as , the uniform
force per unit area for the caseact5acb with a temperature
distribution ofTc5330 K, Ts5Tr5300 K.

For the same selection of the accommodation coe
cients, the force behaves differently while still in the sam
direction as before when the sample temperatureTs5350 K
is higher than that of the cantileverTc5325 K, and the rest
gasTr5300 K as shown in Fig. 5.

For the cantilever dimensions just specified, and not
that the force in Eq.~31! is in units of N/m2, whereas in Eq.
~37! it is in N/m, Fig. 6 displays the cantilever deflection
units of nm, and as a function of the accommodation coe
cients for the bottom and top surfaces of an isolated can
ver held at temperatureTc5330.0 K. As can be seen in Fig
6, the deflection changes direction depending on whether
point (acb, act) lies to the right- or left-hand side of the lin
acb5act along which the net force is zero. Also, for the sam
point in the accommodation plane, the force and thus
deflection reverses direction depending on whether the c
tilever is heatedtc.1 or cooledtc,1. This can be seen
clearly, for example, for the point (acb, act)5(0.9, 0.6) in
Fig. 7 attc51.0.

V. CONCLUSIONS

The results presented here can be used to estimate
temperature and pressure ranges where the Knudsen fo
become important in microcantilever applications. Similar

FIG. 5. Force per unit area foract5acb , acting on the cantilever held at
temperatureTc5325 K, while the sample temperature is raised toTs

5350 K above the rest gas temperatureTr5300 K with Pr510.0mbar.

FIG. 6. Maximum deflection of an isolated cantilever held atTc5330 K in
the free molecular regime atPr510.0mbar, andTr5300 K.
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for given temperature distributions and pressure, the ma
tude of the deflection can be estimated using these res
These estimates are important in many cases since, in
eral, in order to incorporate the geometrical characterist
such as shape dependency and surface roughness o
cantilever/sample, one has to resort to multidimensional
merical methods such as DSMC. Based on these estim
the potential of the application of a microcantilever assem
to vacuum measurements was proposed.
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APPENDIX

E
0

`

x2e2b2x2
dx5

Ap

4b3
, ~A1!

E
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dx5
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. ~A2!

FIG. 7. Maximum deflection of an isolated cantilever as a function of
relative temperature of the cantilever and the residual gastc in the free
molecular regime atPr510.0mbar.
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